Introduction
In a previous paper [johler, 1964] the notion of a zonal harmonic series for each term of the geometric series representation of the terrestrial radio wave field was introduced. The upper boundary of the terrestrial radio waveguide for low frequency radio waves (Johler and Berry, 1964) 
where T e e is the reflection coefficient for vertical polarization (TM-mode) of the incident and reflected waves on the boundary g -a + h, figure 1, where a is the radius of the terrestrial sphere, and h is the (s) height of 
where J n+ i(z) and H^+ 'i (z) where C~' ' 
The wave number, k 3 , is,
uo (v+iO) This basic idea has been employed in integral form in the complex n-plane by Bremmer [1949] and Wait [ 1961 ] . Indeed, Wait [l96l] suggested a rigorous type of geometric -optics applicable to low frequency propagation. Berry [ 1964a, b] and Berry and Chrisman [1965] developed elegant computation methods based on this idea using asymptotic formulas for the spherical wave functions (1. 6), (1. 7), and (1. 8) in the complex n-plane. In effect, the method presented in this paper extends the classical geometric-optics [Johler, 1961; to great distance (> 3000 km). Such an approach is an alternate to the waveguide mode solution described in detail by Wait [1962] , The asymptotic formulas for the spherical wave functions [Berry, 1964a, bj kliL . Zl-6 L (3)
(1).
where F n = n(n+l)(2n+l) P n (cos 9). Here the order of summation of the zonal harmonics and geometric series has been interchanged. This does not impose any serious mathematical restrictions, since the j -series and the n-series are absolutely convergent.
The Legendre function, P n (z), can be calculated exactly for integral n from the recursion formula,
where,
and,
(2.6)
Both integer and non-integer values of n can be used in a formula [Bremmer, 1949] should be replaced by the classical ground wave theory. An efficient computer program has been developed for this purpose Johler [1962] . Once the ground wave (2. 2) has been removed as a problem, the second term of (2. 1) and the higher order terms can be readily evaluated with zonal harmonics. This can be made evident by introducing the Wronskian (Johler and Berry, 1962 ; page 768). [1962] used a more quickly convergent series based on an approximation of Watson [1919] , or using (2. 17), where [Johler and Berry, 1964] 
Inhomogeneous, Anisotropic Ionosphere
The generalization of equation (2. 3) to the inhomogeneous, anisotropic ionosphere is similar to methods introduced in previously published work [Johler and Berry, 1964] , A consequence of the presence o f the anisotropic ionosphere is the existence of TE (transverse electric) propagation in addition to the TM (transverse magnetic) propagation, notwithstanding the fact that the source is TM. Equation The solution for the vertical electric field, E r , can be written, [Berry, 1964b] figure 1 . Thus, the first ionosphere wave, j = 1, has a reflection point [l, 1 ] , located in the middle of the propagation path. In Explicit expression has been given by Johler [l96l] which can be written C a = T ee (l,l) C 2 = T ee (2,l)T ee (2,2)R e (2,l) + R n (2, 1 ) T e , (2, 1 ) T m e (2, 2) C 3 = R e (3, 2) R ffl (3, 1) T ee (3, 3) T em (3, 1) T, . (3, 2) + R e (3,l)R m (3,2)T ee (3 ) l)T eB (3,2)T IBe (3, 3) + R e (3,l)R e (3,2)T ee (3,l)T ee (3,2)T ee (3, together with complete field, Z, for terres trial waveguide propagation at 20 kc/s.
